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Multibody System Analysis Based on Hamilton’s Weak Principle

Donald L. Kunz¤

Old Dominion University, Norfolk, Virginia 23529-0247

The double pendulum, a simple system that exhibits complex dynamics, is used to demonstrate a method based
on Hamilton’s weak principle (HWP) for assembling and solving the maximum coordinate set equations for a
multibody system. Results calculated using HWP are compared to a reference solution obtained by integrating
the ordinary differential equations (ODE) in minimum coordinate set form. The HWP solution is shown to be
comparable to the ODE solution in accuracy and computational ef� ciency. These results suggest an alternative
architecture for multibody system analysis, which implements the maximum coordinate set form of the system
equations, and a simple, ef� cient, and robust solution algorithm.

Nomenclature
f1 , f2 = displacement constraint function
g = gravity, m/s2

g1, g2 = momentum constraint function
H = Hamiltonian
l1, l2 = pendulum rod length, m
m1 , m2 = pendulum bob mass, kg
p1 , p2 = momentum, kg ¢ m ¢ s
Q = generalized force vector
q1, q2 = momentum, kg ¢ m ¢ s
T = kinetic energy, kg ¢ m2 ¢ s2 or N ¢ m
t = time, s
t f = � nal time, s
ti = initiation time, s
x1, x2, = pendulum bob displacement, m
z1 , z2

1t = time step, s
±./ = variation
µ1, µ2 = pendulum bob angle, rad
¸1, ¸2 = Lagrange multipliers
¹1, ¹2 = Lagrange multipliers
» = displacement vector
½ = momentum vector
!1, !2 = pendulum angular velocity, rad/s

Superscripts

¢ = derivative with respect to time
N = value during a time step
O = value at one end of a time step

Introduction

M ULTIBODY systems analysis (MSA) was primarily devel-
oped as a means for performing simulations of mechanisms

using rigid bodiesconnectedby joints.Since the developmentof the
earliest MSA computer programs, numerous MSA programs have
been made available commercially or have been developed for use
as research codes. The two most widely used commercial programs
are ADAMS1 (Mechanical Dynamics, Inc.) and DADS2 (Com-
puter Aided Design Software, Inc.). Other commercial programs
include Pro/MECHANICA MOTION (Parametric Technologies
Corporation), SIMPACK3 (DLR/INTEC Gmbh), Working Model
(Knowledge Revolution, Inc.), DISCOS (Photon Research Asso-
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ciates), and TREETOPS (NASA). MBOSS4 (Universityof Arizona)
and OOPSS5 (University of Maryland) are examples of research
codes.

Whereas the theoretical basis of MSA for rigid bodies has been
well established, a number of improvements have been suggested
that would enhance the applicability and ef� ciency of MSA. One
such improvementis to use an object-orientedarchitectureas the ba-
sis for MSA computerprograms,6 to simplify the programstructure,
improve maintainability,and simplify program expansion.Another
suggested improvement is to develop a uni� ed theoretical basis for
MSA that will encompass rigid bodies, elastic bodies, and bodies
with an arbitrary number of generalized coordinates. The objective
of this paper is to investigate the use of Hamilton’s weak principle
(HWP) as the unifying theoretical basis and to evaluate its impact
on obtaining numerical solutions.

Derivation and Solution of the System Equations
Two basic approachesmay be used to form the equations of mo-

tion and constraint equations for simulation environments such as
the one just described. The � rst approach, known as the maximum
coordinate set formulation, results in a large set of differential and
algebraic equations (DAEs). These equations include all of the in-
dependent and dependent coordinates in the system. An alternative
approach,known as theminimumcoordinateset approach,produces
a much smaller set of differential equations that includes only the
independent coordinates.

In a maximum coordinate set formulation, the differential equa-
tions of motion of each body in the system are expressed in terms
of a basic, often Cartesian, coordinate set. The constraintequations,
which are usually algebraic, are then appended to the equations of
motion by Lagrange multipliers, resulting in a set of equations that
includes all of the independentand dependent coordinates.Assem-
bly of maximum coordinate set equations is relatively easy because
the equations of motion for each body and the constraint equations
for each joint can be generated independently.This formulation is
the foundationfor many commercialMSA codes, such as ADAMS1

and DADS.2

The minimum coordinate set formulation assembles the equa-
tions of motion in a manner such that only independentgeneralized
coordinates appear in the equations. The number of generalized
coordinates and the number of equations are exactly equal to the
number of independent system degrees of freedom. Equations of
motion that are assembled and solved using a minimum coordinate
set incur their major computational costs during the assembly pro-
cess. The additional expense in assembly results from the necessity
for eliminating the dependent coordinates. This operation may be
accomplished by selecting a set of generalized coordinates during
the derivation of the equations of motion that results in a minimum
coordinate set. Alternatively, the equations of motion may be trans-
formed to a minimum coordinate set using the constraintequations.
An example of a code that reduces the full set of differential equa-
tions to a minimumcoordinateset is MBOSS,4 whichwas developed
at the University of Arizona.
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When the equations of motion and constraint equations for a
system of interconnected components are developed in maximum
coordinate set form, a system of DAEs is the result. The most
straightforwardapproachfor obtaininga solution to these equations
is to integrate them directly. Although this approach is straightfor-
ward, it entails signi� cant mathematical sophisticationbecause the
DAEs constitute a stiff system of equations.Algorithms for obtain-
ing solutionsto stiff systems,such as the kth-orderGear algorithms,7

havebeendevelopedand are in wide use. However, these algorithms
lack error control and can be sensitive to the size of time steps
and tolerances. Other direct-integration algorithms that are com-
monly used include predictorand predictor/corrector methods such
as Adams–Bashforth and Adams–Moulton (see Ref. 2). Alternative
approaches that have been developed to integrate the DAEs are the
constraint violation stabilization method,2 the generalized coordi-
nate partitioning method,2 hybrid algorithms,8 and backward Euler
discretization,for example, DASSL.9 A common criticism of all of
these algorithms is that they are not suf� ciently robust and may fail
to produce a solution for some con� gurations. The author has had
this experiencewhile attempting to perform simulationsof complex
mechanical systems using a commercial multibody analysis code.

In terms of algorithmicsophistication,the solutionof a system of
equationsin minimumcoordinateset form lies at the oppositeend of
the spectrum from obtaining solutions for a large set of DAEs. For
rigid bodies, these equations are simply a set of ordinary differen-
tial equations,which can be solved using much simpler techniques,
such as Runge–Kutta with � xed or adaptive time steps. There are
(at least) two methods by which the equations of motion can be
derived as a minimum coordinate set. One method is to identify
the independent degrees of freedom for the mechanism and then to
derive the equations using those degrees of freedom as the general-
ized coordinates.The use of this approach requires that a new set of
equations be derived for each mechanism being analyzed. Another
approach is to assemble the equations of motion in maximum coor-
dinate set form and then identify a transformation that converts the
equationsinto minimum coordinateset form. This method is similar
to generalized coordinate partitioning, except that the transforma-
tion is valid throughout the simulation. When applied to open-loop
systems, the transformation is quite easy to implement, but is much
more dif� cult when applied to closed-loop systems.

To realize the small computational cost afforded by assembly
in maximum coordinate set form, this investigation will adopt that
methodology. It will also introduce an approach for obtaining a
solution of the governing equations that is robust and ef� cient.

Hamilton’s Principle and Hamilton’s
Law of Varying Action

Hamilton’s principle is well known in the scienti� c literature as
a preferred means for deriving the differential equations of mo-
tion for dynamic systems. However, Hamilton’s principle cannot
be used for direct calculations of dynamic system response (initial
value problems) because it applies only to stationary systems. For
an initial value problem, the initial conditions are known, but the
� nal conditions are not, thus making the system nonstationary.

In the mid-1970s,Bailey10¡12 resurrectedHamilton’s law of vary-
ing action and showed that it could be used with great accuracy to
obtain direct solutions for initial value problems. Baruch and Riff13

further developed the underlying principles of Hamilton’s law and
obtainednumerical solutionsusing time � nite elements.14 The prin-
cipaladvantageof usingHamilton’s law in lieu of Hamilton’s princi-
ple is that the intermediatestep of deriving the differentialequations
of motion is eliminated. In addition, the equations resulting from
Hamilton’s law are algebraic equations, which are easier to solve
than the differential equations obtained from Hamilton’s principle.

The fundamental reason why Hamilton’s law can be used to ob-
tain accurate direct solutions, whereas Hamilton’s principle can-
not, is that natural boundary conditions (spatial and temporal) are
included explicitly in the variational equation. The numerical ac-
curacy of the solution and stability of the solution algorithm is
highly dependent on the boundary conditions that are contained
in the variational equation. HWP uses a mixed formulation (gener-
alized displacements and forces) to make all boundary conditions

Fig. 1 Double pendulum.

natural, thereby greatly improving the characteristicsof the numer-
ical solution. For obtaining numerical solutions of dynamic system
response,15;16 HWP has been shown to be a powerful alternative to
solving sets of differential equations.

This investigation uses HWP to derive the governing equations.
The constraint equations are appended to the body equations using
Lagrange multipliers. A simple dynamic system that includes all
of the necessary components of MSA is used to demonstrate the
effectivenessof this approach. Simulations using the HWP method
are then compared to the referencesolution,which is obtained from
a minimum coordinate set model.

Planar Double Pendulum
To demonstrate that HWP presentsa powerful method for numer-

ical simulationof multibody systems, a simple dynamic system that
exhibits complex dynamics was selected. The planar double pen-
dulum is a conservative system with only two degrees of freedom
(Fig. 1), yet it may be subject to chaotic motion.

Pendulum Bobs
In this analysis, each pendulum bob is modeled as a point mass

having two translationalcoordinates,x and z. The kinetic energy of
the double pendulum may be written in terms of the velocities of
the pendulum bobs:
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Alternatively, the kinetic energymay be de� ned in terms of momen-
tum, where
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The gravitational forces acting on the pendulum bobs may be in-
corporated by calculating the potential energy of the system or by
considering them to be generalized forces Q, which act on the pen-
dulum bobs. The latter approach is used herein:
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When the de� nitions in Eqs. (2) are used, the Hamiltonian of the
planar double pendulum can be de� ned in terms of displacements
and momenta. From this point forward in this development, the
displacements » and momenta ½ are considered to be completely
independent quantities:
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Once the Hamiltonian, the generalizedforces, the momenta, and the
displacements have been de� ned, HWP can be written as follows:
Z t f

ti

[± P½T » ¡ ± P»T ±½ ¡ ±H C ±»T Q] dt ¡ ±»T ½
­­t f

ti
C ±½T »

­­t f

ti
D 0

(5)

As described in Ref. 17, Eq. (5) is a mixed formulation be-
cause it contains independent variations of both displacements and
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momenta. All of the boundary conditions are natural and are en-
forced by the variational equation for unconstrained variations.
These equations are suf� cient only to describe the unconstrained,
planar motions of the pendulum bobs. To model the double pendu-
lum, the constraintson the pendulumbobs must also be considered.

Constraint Equations
Each of the pendulum bobs has two displacement coordinates.

Because a mixed formulation (displacements and momenta) was
used to derive the equationsof motion, each pendulumbob also has
two momentum coordinates. This means that each pendulum bob
must have both displacement and momentum constraint equations.

The displacementconstraintsfor each pendulumbobstate that the
bob must travel in a circular arc relative to the hinge. Therefore, the
displacement constraint equations can be written as

f1 D x2
1 C z2

1 ¡ l2
1 D 0

f2 D .x2 ¡ x1/2 C .z2 ¡ z1/
2 ¡ l 2

2 D 0 (6)

The momentum constraint equations for each pendulum bob state
that the velocity vector of the bob must be perpendicular to the
position vector of the bob relative to the hinge. The momentum
equations are written as

g1 D x1. p1=m1/ C z1.q1=m1/ D 0

g2 D .x2 ¡ x1/.p2=m2 ¡ p1=m1/ C .z2 ¡ z1/.q2=m2 ¡ q1=m1/ D 0

.7/

The displacement and momentum constraints are incorporatedinto
Eq. (5) using Lagrange multipliers as follows:
Z t f

ti

£
± P½T » ¡ ± P»T

±½ ¡ ±H C ±»T Q C ± f1¸1 C ± f2¸2 C ±g1¹1

C ±g2¹2

¤
dt ¡ ±»T ½

­­t f

ti
C ±½T »

­­t f

ti
D 0 (8)

A complete description of the double pendulum problem is then
obtained by appending the four constraint equations to Eq. (8).

Discretization
The selection of the shape functions for the discretization of

Eq. (8) is constrainedby the orders of the derivativesof the indepen-
dent variables. One of the advantages of the mixed formulations is
that the shape functionscan be verysimple.BecauseEq. (8) contains
time derivatives of ±» and ±½, those functions must be continuous
and piecewise differentiable.There are no time derivativesof » and
½, and so their shape functions need only be piecewise continuous.
In addition, the displacements and momenta and the variations of
the displacements and momenta are mutually independent, and so
their shape functions need not be related.18

The interval between ti and t f may be divided into N time el-
ements (tn , n D 0; : : : ; N ), and a nondimensional time ¿ may be
de� ned:

¿ D .t ¡ ti /=.t f ¡ ti / D .t ¡ ti /=1t (9)

Table 1 Lower pendulum residual equations

Equation Body Joint Force

±x1 ¡¸2. Nx2 ¡ Nx1/1t ¡ 1
2 ¹2. Np2 ¡ Np1/1t

±z1 ¡¸2.Nz2 ¡ Nz1/1t ¡ 1
2 ¹2. Nq2 ¡ Nq1/1t

±p1 ¡ 1
2 ¹2. Nx2 ¡ Nx1/1t

±q1 ¡ 1
2 ¹2.Nz2 ¡ Nz1/1t

±x2 Np2 ¡ Op2 f ¸2. Nx2 ¡ Nx1/1t C 1
2 ¹2. Np2 ¡ Np1/1t

±z2 Nq2 ¡ Oq2 f ¸2.Nz2 ¡ Nz1/1t C 1
2 ¹2. Nq2 ¡ Nq1/1t 1

2 gm21t

±p2 ¡Nx2 C Ox2 f ¡ 1
2 . Np2=m2/1t 1

2 ¹2. Nx2 ¡ Nx1/1t

±q2 ¡Nz2 C Oz2 f ¡ 1
2 . Nq2=m2/1t 1

2 ¹2.Nz2 ¡ Nz1/1t

For the variations of the displacements and momenta, linear shape
functions may be de� ned as follows:

±» D ±»n.1 ¡ ¿/ C ±»n C 1¿; ±½ D ±½n.1 ¡ ¿ / C ±½n C 1¿

(10)

For the displacementsand momenta, the shape functionsare merely
constants,
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Equations (9–11) may now be substituted into Eq. (8) and the con-
straint equations. It is easily shown that the barred quantitiescan be
eliminated, along with eight equations, according to the following
equations:

N»n D 1
2 . O»n C O»n C 1/; N½n D 1

2 . O½n C O½n C 1/ (12)

The resulting set of eight equations, plus the four constraint equa-
tions, yield an implicit time-marchingalgorithm that can be used to
solve the initial value problem. At each time step, the 12 unknowns
in the equationsare the O»n C 1, O½n C 1, plus the 4 Lagrange multipliers.
The quantities O»n and O½n are known at each time step, based on the
solution for the previous time step.

Generalized Multibody Architecture
The derivation of the 12 governing, algebraic equations, as de-

scribed earlier, does not immediatelysuggest a methodologyfor de-
velopinga simulation capability that can address generalizedmulti-
body systems. However, if one looks closely at the structure of the
equations, a very de� nite pattern appears. This pattern is shown in
Table 1, where the terms in the equationsare separatedaccordingto
their origin. The body terms come from the � rst three terms of the
integrand in Eq. (8) plus the trailing terms. The last four terms of
the integrandare the sourcesof the joint terms; the fourth term is the
source of the force terms. In general, it can be shown that the � rst
three terms in the integrand and the trailing terms will always pro-
duce the terms that de� ne the body dynamics. Similarly, the terms
in the integrand that come from the constraintequationswill always
produce the joint contributions.As long as all of the external forces
are modeled as generalized forces, that is, not as components of
kinetic or potential energy, the generalized force term will generate
the force contributions.

The equations for the double pendulum can be easily assembled
by making a new table for the upper pendulum, then superimposing
that table on Table 1. The upper pendulum table is constructed by
changing all of the 1 subscripts in Table 1 to 0 and all of the 2
subscripts to 1. Because the hinge of the upper pendulum is � xed,
equations and variables with a subscript 0 may be eliminated. The
constraint equations can be handled in a similar manner.

The full set of 12 nonlinear, algebraic equations that govern the
motion of the doublependulummay be found in AppendixA. These
equations may be viewed as a set of residual equations that are
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satis� ed when the values of the unknowns drive the left-hand sides
to zero.

Numerical Evaluation
To evaluatemultibodysystemanalysisbasedonHWP, benchmark

cases based on a minimum coordinate set formulation were created
for the double pendulum problem. HWP solutions for these cases
were then compared with the benchmark solutions.

Benchmark Cases
To establish a benchmark, against which time history solutions

obtained by solving the equations in Appendix A can be compared,
the equations of motion for the planar double pendulum were cast
in their minimum coordinate set form. Because these equations can
easily be derived using Hamilton’s principle or Lagrange’s equa-
tions, the derivations are not discussed herein. The resulting � rst-
order ordinary differential equations (ODEs) are

.m1 C m2/l
2
1 P!1 C m2l1l2 P!2 cos.µ1 ¡ µ2/

D ¡m2l1l2!
2
2 sin.µ1 ¡ µ2/ ¡ g.m1 C m2/l1 sin µ1

m2l1l2 P!1 cos.µ1 ¡ µ2/ C m2l
2
2 P!2

D m2l1l2!
2
1 sin.µ1 ¡ µ2/ ¡ gm2l2 sin µ2

Pµ1 D !1; Pµ2 D !2 (13)

For the purposes of this investigation, the Mathematica® imple-
mentation of the implicit Adams method (see Ref. 19) with order
between 1 and 12 was used to obtain the time history solution of
Eqs. (13). The accuracy goal for the algorithm was set to 10¡7, and
the precision goal was set to in� nity. Solutions obtained using this
approach are henceforth called the ODE solutions.

First, the accuracy of the ODE solution was determined by com-
paring it to an exact benchmark solution constructed using the
method described in Ref. 20. An initial value solution for the
set of ODEs over a representative time period was obtained us-
ing the Adams method. Solution functions approximating the solu-
tions of the differential equations were constructed from orthogo-
nal Chebyshev polynomials. When inverse dynamics is used, these
functions were then used to derive perturbation functions that were
appended to the differential equations, thus making the solution
functions exact solutions of the modi� ed differential equations.

For the baseline double pendulumparameters de� ned in Table 2,
the natural frequenciesare 2.94 and 1.29 rad/s, and the correspond-
ing periods are 2.14 and 4.86 s, respectively. Therefore, the longer
time period (4.86 s) was chosen as the period for the initial value
problem. Solutions for Eqs. (13) were obtained for the con� gura-
tions describedin Table 2. Chebyshevpolynomialsof order 30 were
used to construct the solution functions.The accuracyof the Adams
method for this problemwas then determinedbasedon the L2 norms
of the exact solution functionsand the solutionsof the modi� ed dif-
ferential equations over the period. For the upper bob, the L2 norm
was 3:79 £ 10¡10; the L2 norm for the lower bob was 1:03 £ 10¡9.
The accuracy of the Adams method compared to an exact bench-
mark solution similar to the double pendulum problem was, there-
fore, validated, and the ODE solution can con� dently be used to
create benchmark cases.

Nonlinear Response Case
The � rst benchmarkcase is one for which the responseof the dou-

ble pendulum is known to be nonlinear. The pendulum parameters

Table 2 Planar double pendulum
baseline parameters

Parameter Upper Lower

Bob mass, kg 2 1
Rod length, m 5 2
Initial position, deg 30 30
Initial velocity, rad/s 0 0
Gravity, m/s2 9.807 ——

Fig. 2 Nonlinear baseline case: phase plane for upper pendulum bob.

Fig. 3 Nonlinear baseline case: phase plane for lower pendulum bob.

Fig. 4 Nonlinear baseline
case: Poincaré map.

Fig. 5 Chaotic baseline
case: Poincaré map.

for this case were identical to those in Table 2, and the simulation
was run for 500 s. For the purposes of qualitative comparison with
subsequent calculations,phase plane plots (Figs. 2 and 3) were cre-
ated for the upper and lower pendulum bobs, as well as a Poincaré
map (Fig. 4)of the pendulumresponse.For Fig. 4 and all subsequent
Poincaré maps, the plotted points were obtained by recording the
angular position and angular velocity of the lower pendulum bob
as the upper bob crossed the vertical plane while going right to left
(Fig. 1). Figure 4 contains 1942 points, which were obtained from
a simulation of 10,000 s. Note that the Poincaré map is elliptical,
indicating that the response is periodic.

Chaotic Response Case
The second benchmark case is one for which the response of the

double pendulumis known to be chaotic.The pendulumparameters
for this case are identical to those in Table 2, except that the ini-
tial positions of the upper and lower pendulum bobs are at 90 deg.
As in the � rst benchmark case, the simulation was run for 500 s.
As veri� cation of the chaotic nature of the response, sensitive de-
pendence on initial conditions was observed for changes in initial
conditions as small as 0.0001 deg. Figure 5 is the Poincaré map for
the chaotic benchmark case. This plot contains 9769 points, which
were obtained as discussed earlier, from a simulation of 50,000 s
in duration. Figure 5 will be used for qualitative comparisons with
other solution methods.



2386 KUNZ

Fig. 6 HWP solution time
step size.

Fig. 7 Nonlinear HWP solution: phase plane for upper pendulum bob.

Fig. 8 Nonlinear HWP solution: phase plane for lower pendulum bob.

HWP vs ODE
The equations of motion derived using HWP are nonlinear, alge-

braic equations (Appendix A). Therefore, a variety of algorithms
are available to obtain solutions for the equations at each time
step. For this investigation, an object-oriented implementation of
the Newton–Raphson method (see Ref. 21) was used because of
its stability and ease of programming. The absolute tolerance for
convergence,which is equivalent to the accuracy goal for the ODE
solution, was also set to 10¡7 .

To determine a suitable time step for the HWP simulations, the
nonlinear benchmark case was run for a number of different time
steps over a period of 4.86 s. A plot of the L2 norm (compared to
the benchmark solution) vs the time step is shown in Fig. 6. Based
on these results, a time step of 0.01 s was selected for all subsequent
simulations.

The solutions obtained for the nonlinear and chaotic benchmark
cases using the HWP method were compared to the ODE solutions
both qualitativelyand quantitatively.Qualitatively,comparisonsbe-
tween the two solutionmethodsof thephaseplaneplots for theupper
and lower pendulum bobs, as well as comparisons of the Poincaré
maps, can be made. Quantitative comparisons were made between
the fractional energy change calculated for each of the two solution
methods and from the L2 norm of the HWP solutionusing the ODE
solution as the baseline.

HWP vs ODE: Nonlinear Response
Qualitativeassessments of the HWP solution for the case of non-

linear response using the planar double pendulum can be made by
comparingthe phaseplaneplots for the upperpendulumbob (Figs. 2
and 7) and for the lower pendulum bob (Figs. 3 and 8). For all
intents and purposes, the curves are identical. In addition, a com-
parison of the Poincaré maps is shown in Fig. 9. Both the ODE
solution (10,000-s simulation time) and HWP solution (500-s sim-
ulation time) are plotted together, and the HWP points fall on top of
the ODE points.

The fractional energy change is de� ned as being the absolute
value of the difference between the total energy at a time step and
the total energy at the start of the simulation, divided by the total

Fig. 9 Nonlinear response: Poincaré map.

Fig. 10 HWP vs ODE:
nonlinear response frac-
tional energy change.

Fig. 11 L2 norm for HWP nonlinear response.

energy at the start of the simulation.Figure 10 compares the energy
change during simulations performed using both solution methods.
Clearly, the ODE solution is superior to the HWP solution accord-
ing to this metric. However, the energy change in the HWP solution
after 500 s is still less than 1/100th of 1%, which should be suf� -
ciently accurate for most applications. In addition, the slopes of the
two curves show that the total energy for both solution methods is
changing at approximately the same rate.

In Fig. 11, the L2 norm is plotted for the HWP solution,using the
ODE solution as the basis for comparison. The time interval over
which the norm is calculated is 4.86 s. Again, the HWP solution
does not deliver the level of accuracyexhibitedby the ODE solution,
when compared to the earlier exact benchmark case. However, it is
evident that the accuracy of the HWP solution is suf� cient for the
duration of this simulation (500 s) because the eye cannot discern
the difference between the time history responses produced by the
two methods. Figure 11 also shows that the norm is growing with
time, but at a rate that is consistentwith the accuracy goal enforced
in the Newton–Raphson algorithm.

HWP vs ODE: Chaotic Response
In a mannersimilar to the responsecalculatedby the ODE method

for the chaotic case, the HWP methodexhibitssensitivedependence
on initial conditions. Therefore, although qualitative comparisons
of the phase plane plots and Poincaré maps can be made, as well as a
quantitativecomparisonof the fractionalenergychange,it makes no
sense to attempt to calculate the L2 norm of the HWP solutionusing
the ODE solution as the baseline. The numerical differences that
result from the different solution algorithms are more than enough
to cause sensitive dependence to give divergent solutions.

Figure 12 is the Poincaré map of the HWP solution for a simula-
tion that ran for 50,000 s. There are 9750 point plotted in Fig. 12. A
comparison of Fig. 12 with the Poincaré map for the ODE solution
(Fig. 5) shows remarkable qualitativeagreement. The most notable
features that the two Poincaré maps have in common, in addition
to the overall similarity in shape, are the smile-shaped area in the
lower half of the form and the wedge-shaped cutouts in upper right
and upper left corners. In addition, both maps have a roughly semi-
circular cutout at the very bottom of the form. It can, therefore, be
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Table 3 Run time comparison

Case Fraction of real time

ODE nonlinear 0.0043
ODE chaotic 1.25
HWP nonlinear 0.29
HWP chaotic 0.45

Fig. 12 Chaotic HWP so-
lution: Poincaré map.

Fig. 13 HWP vs ODE:
chaotic response fraction-
al energy change.

concluded that the results of the HWP solution are in qualitative
agreement with the baseline ODE solution.

A quantitative comparison of the HWP solution and the ODE
baseline solution is made in Fig. 13. Figure 13 compares the frac-
tional energy change for the two solution methods for the � rst 500 s
of the chaotic simulation. In contrast to the nonlinear,periodic case
discussedearlier, the HWP method actually conservesenergybetter
than the ODE baseline for the chaotic case and, toward the end of
the simulation record, the rate of energy change is somewhat better
for the HWP method. Thus, it can be concluded that, quantitatively,
the HWP solution compares well with the ODE baseline solution.

Computational Ef� ciency
One � nal item of interest is the computational ef� ciency of the

HWP solutionmethod.All of the calculationspresentedhereinwere
performed on a computer equipped with a 600-MHz Pentium III
processor and 196 MB of RAM memory. Using real time as the
basis for comparison, Table 3 compares the run times for the cases
discussed.

Given that the double pendulum problem, as formulated herein,
has relatively few equations, 12, it would be expected that simula-
tions of a complex dynamic system would have signi� cantly longer
run times. Also, note that halving the time step for the HWP method
does not result in an exact doublingof the run time. This is probably
because the solution obtained at a particular time step is a better
initial guess for the solution at the following step. Thus, fewer iter-
ations are required for the Newton–Raphson method to converge to
a solution.

Conclusions
The algebraic equations of motion for a planar double pendulum

were derived in maximum coordinate set form using HWP. These
equations result in an implicit time-marching algorithm that can be
used to solve an initial value problem. The planar double pendu-
lum is a particularly simple multibody system, consisting only of
rigid bodies and hinge joints, but it does demonstrate most generic
multibody components (except prescribed motion). Based on the
structure of the equations, a generalized methodology for the as-
sembly of multibodysystems has been deducedand may be applied
to other types of bodies, joints, and forces.

Validation of simulations using the HWP method was performed
in three steps. First, results for nonlinear, periodic motion produced
by the ODE method were validated against an exact solution of a
similar set of equations. Then, simulations for nonlinear, periodic

motion obtainedusing the HWP method were compared to baseline
simulations performed using the ODE method. Finally, simulations
for chaoticmotion obtained using the HWP method were compared
to ODE baseline simulations.

Qualitative comparisons of the HWP simulations with the base-
line ODE simulations for a con� guration exhibiting nonlinear, pe-
riodic response exhibited excellent agreement. Phase plane plots
of the upper and lower pendulum bobs, as well as the Poincaré
map, were virtually identical. The HWP simulations also showed
excellent quantitative agreement with the baseline ODE simula-
tions. For a simulation time of 500 s, the L2 norms for the HWP
results (compared to the ODE results) were less than 0.004 and
0.02 for the upper and lower bobs, respectively. In addition, the rate
of change in total system energy for both solutions methods was
equivalent.

For the simulations of chaotic response, the HWP results also
exhibited excellent qualitative and quantitative agreement with the
baselineODE results.Qualitatively,the Poincaré maps of HWP and
ODE simulations, each of which contain more than 9700 points,
showremarkablesimilarity.As in thecaseof linear,periodicmotion,
the rate of change in total system energy indicatedgood quantitative
agreement between the HWP and ODE simulation results.

Note that the DAEs for the planardoublependulum(AppendixB)
could be discretized using constant shape functions for the varia-
tional quantities and linear shape functions for the state variables.
The resultingequationswould permit a time � nite element solution.
For this dynamic system, it turns out that the time � nite element
equations and the HWP equations are identical.

Appendix A: Equations of Motion from HWP
The following eight equations are the residual equations derived

from HWP:

Np1 ¡ Op1 f C ¸1 Nx11t ¡ ¸2. Nx2 ¡ Nx1/1t C 1
2
¹1. Np1=m1/1t

¡ 1
2 ¹2[. Np2=m2/ ¡ . Np1=m1/]1t D 0

Nq1 ¡ Oq1 f C ¸1 Nz11t ¡ ¸2.Nz2 ¡ Nz1/1t C 1
2
¹1. Nq1=m1/1t

¡ 1
2 ¹2[. Nq2=m2/ ¡ . Nq1=m1/]1t C 1

2
gm11t D 0

¡ Nx1 C Ox1 f ¡ 1
2
. Np1=m1/1t C 1

2
.¹1=m1/ Nx11t

¡ 1
2 .¹2=m1/. Nx2 ¡ Nx1/1t D 0

¡Nz1 C Oz1 f ¡ 1
2 . Nq1=m1/1t C 1

2 .¹1=m1/Nz11t

¡ 1
2 .¹2=m1/.Nz2 ¡ Nz1/1t D 0

Np2 ¡ Op2 f C ¸2. Nx2 ¡ Nx1/1t C 1
2 ¹2[. Np2=m2/ ¡ . Np1=m1/]1t D 0

Nq2 ¡ Oq2 f C ¸2.Nz2 ¡ Nz1/1t C 1
2 ¹2[. Nq2=m2/ ¡ . Nq1=m1/]1t

C 1
2
gm21t D 0

¡ Nx2 C Ox2 f ¡ 1
2 . Np2=m2/1t C 1

2 .¹2=m2/. Nx2 ¡ Nx1/1t D 0

¡Nz2 C Oz2 f ¡ 1
2 . Nq2=m2/1t C 1

2 .¹2=m2/.Nz2 ¡ Nz1/1t D 0

The followingfourequationsare the residualequationsderivedfrom
the constraint equations:

¡
Ox2

1 f C Oz2
1 f

¢
¡

¡
Ox2
1i C Oz2

1i

¢
D 0

£
. Ox2 f ¡ Ox1 f /

2 C .Oz2 f ¡ Oz1 f /
2
¤

¡
£
. Ox2i ¡ Ox1i /

2 C .Oz2i ¡ Oz1i /
2
¤

D 0

Ox1 f . Op1 f =m1/ C Oz1 f . Oq1 f =m1/ D 0

. Ox2 f ¡ Ox1 f /. Op2 f =m2 ¡ Op1 f =m1/

C .Oz2 f ¡ Oz1 f /. Oq2 f =m2 ¡ Oq1 f =m1/ D 0
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Appendix B: Maximum Coordinate Set ODEs

Pp1 ¡ 2¸1x1 C 2¸2.x2 ¡ x1/ ¡ ¹1.p1=m1/

C ¹2.p2=m2 ¡ p1=m1/ D 0

Pq1 ¡ 2¸1z1 C 2¸2.z2 ¡ z1/ ¡ ¹1.q1=m1/

C ¹2.q2=m2 ¡ q1=m1/ ¡ gm1 D 0

Px1 ¡ p1=m1 C .¹1=m1/x1 ¡ .¹2=m1/.x2 ¡ x1/ D 0

Pz1 ¡ q1=m1 C .¹1=m1/z1 ¡ .¹2=m1/.z2 ¡ z1/ D 0

Pp2 ¡ 2¸2.x2 ¡ x1/ ¡ ¹2.p2=m2 ¡ p1=m1/ D 0

Pq2 ¡ 2¸2.z2 ¡ z1/ ¡ ¹2.q2=m2 ¡ q1=m1/ ¡ gm2 D 0

Px2 ¡ p2=m2 C .¹2=m2/.x2 ¡ x1/ D 0

Pz2 ¡ q2=m2 C .¹2=m2/.z2 ¡ z1/ D 0
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